Abstract. We study the geometric structure of a Gauduchon manifold of constant curvature. We give a necessary and sufficient condition for a Gauduchon manifold to be a Gauduchon manifold of constant curvature, and we classify the Gauduchon manifolds of constant curvature. Next, we investigate Weyl submanifolds of such manifolds.
Introduction.
In this paper we assume that all manifolds are connected and smooth and have dimension n ≥ 3. Let M be a manifold with a conformal structure [g] and a torsion-free affine connection D. A manifold (M, [g] , D) is called a Weyl manifold if Dg = ω ⊗ g, for a 1-form ω. A Weyl manifold M is said to be Einstein-Weyl if the symmetric part of the Ricci curvature of D is proportional to the metric g at each point of M . The Einstein-Weyl equation is conformally invariant. It is known that there is a unique metric g, up to a constant, in the conformal structure of a compact Weyl manifold with respect to which the corresponding 1-form ω is co-closed. We call g the Gauduchon metric. Tod showed that if g is the Gauduchon metric of a compact Einstein-Weyl manifold, then ω ♯ is a Killing vector field with respect to g (cf. [16] ). A manifold (M, g, D) with a Gauduchon metric g is called a Gauduchon manifold . Many examples of and general results on Einstein-Weyl manifolds have been obtained (cf. [4] , [6] , [10] - [13] , [16] ). In particular, Itoh [6] investigated Einstein-Weyl geometry over compact manifolds.
It is known that M is a manifold of constant curvature if and only if M is a Weyl conformally flat Einstein manifold. Let S(g) = Ì M s g dV g be the total scalar curvature of a compact Riemannian manifold (M n , g), where s g and dV g denote the scalar curvature and the volume element of g, respectively.
For a compact Riemannian manifold (M n , g) of volume 1, (M n , g) is Einstein if and only if g is a critical point of S/vol
(n−2)/n . Now, we consider a Gauduchon manifold (M n , g, D) with dim M n = n. As shown in Section 2, (M n , g, D) is a Gauduchon manifold of constant curvature if and only if it is a Weyl conformally flat Einstein-Weyl manifold and the scalar curvature of g is constant. This last condition is equivalent to the Gauduchon metric g being a critical point of S restricted to the set Conf 0 (g) of metrics pointwise conformal to g and having the same total volume. Moreover, from a theorem of Katagiri [8] and the three-dimensional classification of Tod [16] , we know that (M n , g, D) (n ≥ 3) is a Gauduchon manifold of constant curvature if and only if it is a Weyl conformally flat Einstein-Weyl manifold. Next, we classify the Gauduchon manifolds of constant curvature k with Killing dual 1-form ω. If k > 0 and n ≥ 4, then ω = 0 and (M n , g) is an elliptic space form. If k = 0 and ω = 0, then ∇ω = 0, the first Betti number b 1 (M n ) is 1 and the universal covering manifold of (M n , g) is isometric to the Riemannian product Acknowledgements. The author would like to thank the referee for his kind advice and useful comments. The author also expresses his sincere thanks to Professor K. Mikami for his valuable suggestions.
Gauduchon manifolds.
where X, Y and Z are any vector fields on M n (cf. [10] ). For two 2-tensors h and g the 4-tensor h ∧ g is given by
For the Riemannian manifold (M n , g), we have the decomposition into irreducible components
where Ric is the Ricci tensor, s g is the scalar curvature of ∇ and W is the Weyl conformal curvature. There is no Weyl component W when
, we have the decomposition into irreducible components
where
and Ric 0 , S 0 , ⊗ 0 are trace-free parts (cf. [12] ).
We set
we say that the Weyl (resp. Gauduchon) manifold is Weyl (resp. Gauduchon) flat.
By a simple calculation, we have
For each plane p in the tangent space T x (M n ), we have
where X 1 , X 2 is an orthonormal basis for p. We set
is independent of the choice of the orthonormal basis (
Hence we have the following 
By using (12), we can rewrite (13) as [10] , [13] ).
We recall the following results. (14) reduces to Now, we give a necessary and sufficient condition for a Gauduchon manifold to be a Gauduchon manifold of constant curvature. 
) be an Einstein-Weyl manifold. If the vector field B dual to ω is a Killing vector field , then the equation
is an Einstein-Weyl manifold. It is easily seen that a Gauduchon manifold of constant curvature is Weyl conformally flat, that is, W = 0. Let c be a Gauduchon constant. Since Λ =
2 , using (15) and (17), we have 
Since the scalar curvature s g is constant and c = s g − 1 4 (n+2)|ω| 2 = constant, |ω| is constant. Thus α is constant. Therefore (M n , g, D) is a Gauduchon manifold of constant curvature 2α.
where g(QX, Y ) = Ric(X, Y ). A Riemannian manifold (M n , g) is called conformally flat if W = 0 for n ≥ 4 and C = 0 for n = 3.
In [8] , Katagiri proved that a compact conformally flat Einstein-Weyl manifold (M n , g, D) (n ≥ 3) with Gauduchon metric g has constant scalar curvature s g . Let (M 3 , g, D) be a Gauduchon manifold with Einstein-Weyl structure. In [16] Tod gave all local forms of Gauduchon metrics in dimension three together with their corresponding one-forms and a classification. In this classification, the corresponding one-forms ω have constant length. Thus, from Lemma 4, the scalar curvature s g of the Gauduchon metric g is constant.
Hence we have the following result.
g, D) is a Gauduchon manifold of constant curvature if and only if (M n , g, D) is a Weyl conformally flat Einstein-Weyl manifold.
Next, we classify Gauduchon manifolds of constant curvature k. Proof. When k > 0 and n ≥ 4, we assume that ω = 0. From (II) of Theorem 1, we have s g = constant. Moreover from (18) for any tangent vector X orthogonal to B at a point x of M n ,
Thus the Ricci curvature is positive definite. Since W = 0 and n ≥ 4, (M n , g) is conformally flat. Thus, from a theorem of Tani [15] Since the dual of ω is Killing, using ∇ * ∇ω = Ric(ω), we get
This implies that ω is parallel and hence harmonic. Since the Ricci curvature is nonnegative, using the Weitzenböck formula, we have b 1 (M n ) = 1 (cf. [6] , [14] ).
Since dω = 0, the foliation N defined by ω = 0 is integrable. Let N be a leaf of N . Let M n be the universal covering manifold of (M n , g). Since ∇B = 0, by the de Rham decomposition theorem, M n with the lifted metric is isometric to the Riemannian product N × R 1 , where N is the universal covering manifold of N . Since M n is a Gauduchon flat manifold and N is orthogonal to the vector field B, from Theorem 7 in Section 4, N is a totally geodesic submanifold with constant positive sectional curvature. Furthermore, since M n is complete and N is totally geodesic, N is complete with respect to the induced metric. Thus N is isometric to the sphere S n−1 . Finally, we assume that k < 0. Using ∇ * ∇ω = Ric(ω) and Ric(ω) = k(n − 1)ω, we have
Thus we obtain ω = 0. By using (6) and (11), we obtain
) is a hyperbolic space form. In Theorem 2, we assume that k > 0 and n = 3 and ω = 0. Let X 1 = B/|B|, X 2 , X 3 be an orthonormal basis of T x (M ) and p ij be the plane spanned by X i and X j (i = j). Using (18), we have Ric(X 1 , X 1 ) = 2k, Ric(X 2 , X 2 ) = 2k + Example 2. Let π : S 2n+1 → P n (C) be the Hopf fibration. Let g be the Fubini-Study metric on P n (C) and η a canonical connection whose curvature form is proportional to the Kaehler form of the Fubini-Study metric. For a real number a with 0 < a ≤ 1, we define a Riemannian metric
We define a connection D by 
is an Einstein-Weyl manifold (cf. [11] ). Moreover, the scalar curvature s D = 2n(2n + 1)a 2 = constant. We assume n = 1. Then the Weyl conformal curvature W of (S 3 , g a ) is flat. From (5), using (1) and (22), we obtain β = α + 
n is tangent to the vector field B .
Proof. Let ∇ and ∇ be the Levi-Civita connections of g and g respectively. Since B is a Killing vector field, for any tangent vector fields X and Y on M n , we have That is, M n is an Einstein-Weyl manifold.
Weyl submanifolds of a Gauduchon flat manifold.
We now consider compact Einstein-Weyl hypersurfaces in a Gauduchon flat manifold. 
